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Abstract
In this paper we discuss the problem of data-oriented parti-

tioning in large-scale overlay networks, as required by peer-to-
peer databases or by peer-to-peer information retrieval. The goal
is to partition a large set of nodes into k partitions with the ad-
ditional requirement of meeting certain load-balancing constraints
without global knowledge of the network’s parameters, i.e., the de-
sired number of partitions and the partition distribution function
are not known in advance and change dynamically as the network
evolves. This key problem in large-scale decentralized systems has
so far received only very limited attention. The novel contributions
described in the following are (1) the definition of a distributed
algorithm for local estimation of the partitioning distribution func-
tion, which does not preclude the network’s topology, and (2) a
distributed method for performing the actual partitioning. As ad-
ditional advantages, the algorithms do not require global knowl-
edge and are completely decentralized, thus suitable for Peer-to-
peer networks. Both algorithms are based on the max-product be-
lief propagation algorithm and give exact results on trees, and suf-
ficiently accurate approximations on graphs containing cycles. We
show the accuracy of the proposed algorithms in terms of the num-
ber of nodes per partition and the good load balancing of partitions
in the network by simulation. Our algorithms are scalable and the
accuracy of the partitioning improves with larger network sizes.
Having shown the efficiency of our proposed algorithms, we dis-
cuss a natural application for our algorithm in the data-oriented
P2P system P-Grid (http://www.p-grid.org/). Using P-Grid’s un-
derlying tree abstraction, we can apply our algorithm recursively
to achieve optimal partitioning results in short times relative to the
tree diameter.�
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1 Intr oduction

Currentlythestandardway of indexing in nearlyall overlaynetworksis
to computeuniformly distributedkeys from thedatato beindexed,e.g.,
by usingstandardhashing.With somesimpleadditionalpartitionassign-
mentandmaintenancealgorithms(joining/leavingof nodes),thisensures
that the key spaceis evenly distributedamongthe participatingnodes,
i.e., thestorageload is balancedamongthepeers.This standardmodel
for overlaynetworksalsoassumesthatpeersessentiallyjoin andleavein
asequentialwayandtheresultingmaintenanceschemesto repairincon-
sistenciesor re-balanceloadessentiallycorrespondto updatingdatabase
indexing structureswhichhasbeenstudiedextensively in theliterature.

Approachesfollowingthisbasicstrategywork �ne for scenarioswhere
semanticrelationsamongthedataitemsareirrelevantandonly verysim-
plequerypredicates,i.e.,equality, haveto besupported.A typicalexam-
ple for suchapplicationswouldbea namingservice,staticallybindinga
setof attributesto anidenti�er. However, in typicaldata-orientedscenar-
ios thestandardstrategy outlinedabove,will no longerwork or become
very inef�cient. In data-orientedapplications,for example,re-indexing
due to a changein the datadistribution, or a new data�eld to be in-
dexed,or the needto preserve key-orderingrelationsimplies that uni-
form hashingcannotbeappliedanymoreasit destroys theseproperties.
In consequencethe distribution of keys will be unknown, most likely
be skewed,anda morepowerful, explicit partitioningschemeensuring
load-balancingwill be required.Additionally, the indexing/partitioning
strategy shouldsupportahighdegreeof parallelismto minimizelatency.

AdaptiveEagerPartitioning[2] (AEP) is anef�cient, completelyde-
centralized,parallel,partitioningalgorithmwhich meetstheserequire-
ments.It usesananalyticallyprovenstrategy, veri�ed by simulationand
throughan implementationin the P-Grid overlay network [1] (http://
www.p-grid.org/), to estimatethekey distributionbasedon local knowl-
edgeandensuresstorageandreplicationload balancing,i.e., eachdata
partitioncontainsapproximatelythesamenumberof keys andapproxi-
matelythesamenumberof peers(nodes)areresponsiblefor eachparti-
tion. We have usedtheimplementationin P-Gridasa proof-of-concept,
but theessentialelementsof AEP areapplicableto all overlaynetworks
using �x ed key spacepartitioning schemes,for example,CAN [9] or
Pastry[10].

In thispaperwepresentanalternativestrategy basedonbeliefpropa-
gationto achievethesamegoal,i.e., to partitiona largesetof nodesinto
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k partitions.By applyingthis recursively we ensureroutingconsistency
andmeetAEP's storageandreplicationload-balancingconstraints.We
do not assumeglobal knowledgeof the network's parameters,i.e., the
desirednumberof partitionsand the partition distribution function are
not known in advanceandchangedynamicallyasthenetwork evolves.
The motivation for this work wasto have anothergenerallyapplicable
strategy at handandto testandcompareit with AEP.

1.1 Local estimationof the data distrib ution

As the �rst stepin theapproachwe needto estimatethedistribution of
thedatasetto beindexed.As we assumea P2Penvironment,we cannot
assumeglobal knowledgeof all the thedata.Thuswe have to estimate
thedistribution asgoodaspossiblebasedon local information.Thefol-
lowing exampleillustratesthis problem:Assumenodesindex dictionary
words,andwe have 26 partitionscorrespondingto the lettersA–Z. We
wouldliketo estimatewhatis thefractionof nodesneededto storewords
startingwith eachletter. This is highly importantespeciallyfor skewed
distributionswheresomepartitionsrequiremorestoragespacerelative
to theothers.

Givenasetof n � 1nodes,whereeachnodehassmallsubsetof neigh-
borsandits localstoredkeys.Weassumethateachkey belongsto exactly
onepartitionandeachnodeshouldhaveanestimationof thepartitioning
distribution function.Formally, we would like eachnodeto calculatea
vectorof sizek, wherek is thenumberof differentpartitions,suchthat
p1 ��������� pk is thepercentageof keys in partition i andå k

i � 1 pi � 1.

1.2 K-Partitioning Problem

Given a set P of n � 1 peerswhich hold keys from a keyspaceK, we
would like to partitionthesetinto 	 1 ��������� k 
 setssuchthattheloadmea-
suredin numberof datakeysrelatedto thepartitions1 ��������� k is expressed
in aprobabilitydistribution p1 ��������� pk, whichis termedpartitioning func-
tion.

The partitionswe would like to achieve shouldhave the following
properties:

1. Proportionalreplication:Eachpeerhasto decidefor onepartition
suchthat (in expectation)a fraction pi of the peersdecidesfor
partitioni.

2. Referentialintegrity:
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1. Thegraphhasto beconnected,i.e., eachpeerhassuf�cient
links to reachany otherpartition(in-)directly.

2. Eachpeerstrivesto maximizethenumberof neighborsfrom
differentpartitionsunderits degreeconstraint.

Notethatwithout theproportionalreplicationrequirement,thepeers
coulddecidefor a partitionbasedon thepartitionsprobability function,
andin expectationachievethedesiredpartitioning.However, this would
not ensureapproximatelyuniform availability of all thedata.Therefer-
entialintegrity functionensuresroutingconsistency andcanbeexploited
to achievebetterloadbalancingof partitions.

For beingableto evaluatethequalityof asolutionfor theaboveprob-
lemswe needto de�ne somemetrics.As for theestimationproblemwe
might take the meansquareerror of an estimaterelative to the correct
partitioningdistribution function.

In theK-partitioningproblemwehavetwo metricsthatmightbecon-
tradicting.First,we wantto haveanexactnumericpartitioningof nodes
ascloseaspossibleto thepartitioningdistribution function.Herewecan
take the meansquareerror aswell. Anothermetric is the link satisfac-
tion ratio, wherewe would like to minimizethenumberof neighboring
nodeswhich are partitionedinto a commonpartition. The �rst metric
arisesfrom theneedto allocateaproportionalnumberof nodesbasedon
thestorageneeds.Thesecondmetricis importantin termsof loadbalanc-
ing wherewe would like to preventunbalancedplacementof a partition
in a small neighborhoodof nodes.This is badin termsof resiliency to
failures,andnetwork load.

2 Proposedalgorithms

For solvingthetwo problemsof distributedpartitioningfunctionestima-
tion andtheextendedpartitioningproblemwe will usethemax-product
beliefpropagationalgorithmwhichwewill brie�y outlinein thissection.
Thenwe presentthetechnicaldetailsneededfor constructingbothalgo-
rithms.First,we run thedistributedestimationalgorithmto equipnodes
with local knowledgeof the partitioningdistribution function andthen
we run the K-partitioning algorithm using the result of the estimation
algorithmasits input.
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2.1 Graphical modelsfor data indexing

An undirectedgraphicalmodelG consistsof asetof verticesV andaset
of edgesE connectingthem.Eachvertex vi is associatedwith a random
variablexi. We assumethatthejoint probabilitydistribution factorsinto
a productof termsinvolving nodepairsandsinglenodes.Thesefactors
arecallededgepotentialsy i j 	 xi � x j 
 andlocal (or self) potentialsy ii 	 xi 
 .

The max-productbelief propagationalgorithm [7] is a distributed
inferencealgorithmthat enablesus to calculatethe marginal probabil-
ities of the nodes,otherwiseknown as the “beliefs.” It is a distributed
message-passingalgorithmandis thereforesuitablefor communication
networks [4, 5, 8]. The Belief Propagation(BP)algorithm gives exact
resultson trees.We have no guaranteefor the algorithm performance
on graphswith cycles.As P-Grid is a treeandhasno cyclesthis poses
no problems.The input to the BP algorithmis a graphicalmodelwith
self potentialsy ii 	 xi 
 andedgepotentialsy i j 	 xi � x j 
 . The outputof the
algorithmis thevectorof nodebeliefs(posterioriprobabilities).Theal-
gorithmis aniterativedistributedmessagepassingalgorithmwheremes-
sagessentbetweennodesaredeterminedby thefollowing updaterule:

mi j 	 x j 
�� t 
 1� � a max
xi

y i j 	 xi � x j 
 y ii 	 xi 
 ∏
xk � N � xi ��� x j

m � t �ki 	 xi 
 (1)

wheremi j 	 x j 
 is a messagesentfrom nodexi to nodex j, a is a nor-
malizationfactorandN 	 xi 
 is thesetof neighborsof nodexi. We initial-
izethemessagesatthe�rst rounduniformly.Finallyeachnodecalculates
thebelief:

bel 	 xi 
 � ay ii 	 xi 
 ∏
x j � N � xi � m ji 	 xi 
 (2)

Thealgorithmconvergeswhenthenodereceivesidenticalmessages
from all neighborsfor two consecutive rounds.In networks containing
cyclesthealgorithmmight not converge.However, in practice,thereare
severalapplicationswherethealgorithmproducesverygoodresultseven
for graphswith cycles,for example,in thecaseof Turbocodes.

It is known that if we usethemax-productalgorithmwe can�nd an
optimal X � thatmaximizesthe probability P 	 x 
 , if the topologyhasno
cycles,andwe can�nd a stronglocal maximumin casethe graphhas
cycles[11]. In otherwords,our algorithmsolvestheproblemoptimally
on treesandgivesa goodapproximationof a graphcontainingcycles.
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Basedon equation1, we calculatethe self potentialsy ii 	 xi 
 andedge
potentialsy i j 	 xi � x j 
 for agivencostfunction.

2.2 Algorithm for estimation of the partition distrib u-
tion function

Firstweoutlineasimplerversionof thealgorithmfor treetopologies.In
round 	 t � 1
 eachnodei sendsamessagemi � j 	 x j 
 to eachof its neighbors
j by thefollowing rules:

m � t 
 1�
i j 	 x j 
 � ∑

k � N � xi ��� x j

m � t �ki 	 xi 
 (3)

wherethe initialization of m � 0� � x j �
i j is doneby assigningthe number

of keys nodei holdsin eachpartition.For example,if nodei has3 keys
which arerelatedto partition0, themessagewill containthevalue3 in
position0 of thevector. Finally, weestimatethepartitioningdistribution
function:

bel 	 xi 
 � ∑
k � N � xi � m � t �ki 	 xi 
 (4)

Basicallywehavehereanaggregationprocedurealongthetree,where
eachnodeaggregatesthepartitionestimationfrom all of its neighborson
thesubtreerootedin thenode,andforwardsit upstreamin thetree.After
diam rounds,wherediam is the treediameter, the algorithmconverges
andgivesanexactresult.

Sinceoverlaynetwork topologiesmaycontaincycles,we canapply
theconsensuspropagationalgorithm[6] recentlyproposedby Moallemi
andvanRoy to avoid over-countingof thepartitionsbecauseof cycles.
Thusour approachcanbegeneralizedto any overlaynetwork topology.
Dueto spaceconstraintsweomit adescriptionof thisalgorithmandrefer
readerto [6].

2.3 The K-partitioning algorithm

As alreadymentioned,weusethemax-productBPalgorithmfor solving
theK-partitioningproblem.In orderto usetheBPalgorithm,weneedto
initialize thelocalpotentialsandedgepotentialsof thenodes.

For theself potentials,eachnodedraws locally a randompartition i
outof thepartitioningdistributionfunction 	 p1 � p2 ��������� pk 
 andinitializes
thelocalpotentialsvectorto have1 in cell i andeelsewhere.
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For theedgepotentials,we usethefollowing matrix:1

�
ei � j � E y i j 	 xi � x j 
 �

�����
�

e k � k � ����� k �
k � e k � ����� k �
k � k � e ����� k ������������������������������
k � k � k � ����� e

������
 (5)

Eachmatrix y i j 	 xi � x j 
 correspondsto theedgeei j. TheK rows indi-
catetheprobabilitiesto choosea partitionfor nodei andtheK columns
indicatetheprobabilitiesto choosepartitionsof node j. Thusthematrix
y i j 	 xi � x j 
 is theCartesianproductof bothnodespossiblepartitions.We
build theedgepotentialsby thepairwiseconstraint,thattwo neighboring
nodesshouldnot have thesamepartition.For that,we assigna negligi-
ble probability(e) to themaindiagonal.Theotherstateshave a uniform
probability.

A relatedwork of a load-balancedgraphcoloringusingtheBPalgo-
rithm is doneby Saadet. al [3]. The major differencesare in the con-
structionused.In anutshell,Saadusescentralizedcomputationona fac-
tor graphwhile we usedistributedcomputationover thecommunication
network. Saad's coloring is balancedwhile we have desiredfraction of
nodesfrom eachcolor. Finally, we usethe local potentialsto re�ect the
partitioningfunctionwhile previousworksonthisareainitialize thelocal
potentialsto haveauniformprobability.

2.4 The full algorithm

Input : A setof nodeswhereeachnodehasknowledgeof a smallsubset
of othernodes.Eachnodeknowsonly his locally storedkeys aswell as
thepartitionto which they belong.
Output : A partitioningof thenodesinto K partitionswherethenumber
of nodesin eachpartition is basedon thepartitioningdistribution func-
tion. Eachnodehasan estimationof the partitioningdistribution func-
tion.

Eachnodefollows thefollowing steps:
1. Estimatethe partition distribution function using the consensus

propagationalgorithm.
1. Input: Eachnodehasknowledgeof a subsetof othernodes,

andthekeys it currentlystores.

1Each row is normalized to get a sum of one. k !#" 1 $&% k ' 1 (
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2. Initialize m � 0�i j 	 x j 
 to thekey countfrom eachpartition.
3. Runt roundsof theaggregationalgorithm(equation3) .
4. Estimatethepartitiondistribution function(equation4).
5. Output:localestimationof thepartitioningdistribution func-

tion.
2. RuntheK-partitioningalgorithm.

1. Input:estimationof thepartitioningdistribution function.
2. Initialize m � 0�i j 	 x j 
 by randomlydrawing a partitionfrom the

partitioningdistribution function.
3. Run themax productbelief propagationfor t rounds(equa-

tions1 and5).
4. Calculatethebelief (equation2).
5. Selectthe maximal entry in the belief vector (the decided

partitionnumber).
Propertiesof the algorithm. Regardingrunningtime,whenrunning

on treetopologies,thealgorithmconvergesandgivesanexact resultin
time diam wherediam is the tree diameter. On topologiescontaining
cyclesthe algorithmdoesnot alwaysconverge,thuswe have to stopit
after t rounds.As a heuristicwe take t � log 	 n 
 wheren is thenumber
of overlaynodes.Weissin [11] showsthatonagraphwith cyclesweget
a stronglocalmaximumin casethealgorithmconverges,in otherwords
a goodapproximationto theoptimal.

Whenthealgorithmdoesnot converge,we getanapproximationto
theoptimalsolution.In this casewe areonly ableto show usingsimula-
tionsthatthealgorithmgivesa goodapproximationto theoptimal.

As for thenumberof messages,in eachroundeachnodesendsmes-
sagesto all of its neighbors.Thuswehavea totalof tdn messageswhere
d is the averagenodedegree.All messagesareof sizek wherek is the
numberof partitions.

3 Experimental results

For testing our algorithm, we usedtwo typical topologies:a random
graphanda GT-ITM transitstubtopology. Both topologieshave cycles.
In the following we show the resultson the randomgraphonly, since
bothtopologiesrenderedsimilar results.

Figures1(a)–1(d)show resultsof algorithmrunsfor severalpartition-
ing functions.Wewould like to pointout thatouralgorithmsupportsany
desiredpartitioningdistribution function.
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For thepartitioningestimationfunction,we assumedan underlying
treetopology, andthusreceived an exact estimationof the partitioning
distribution function.This assumptioncanbejusti�ed sincewe usedthe
P-Grid systemas a naturalapplicationthat might usethe partitioning
algorithmsdescribedin this paper. In theP-Gridsystemwe have anun-
derlyingtreestructurethatcanbeusedfor theestimationprocedure.An
areaof future researchmight be to examinethealgorithm's correctness
for variousothertopologies.For the restof this sectionwe analyzethe
K-partitioningalgorithmresults.

TheBP algorithmgenerallydid not converge,thuswe choseto limit
the numberof algorithm roundsto d (the nodedegree).Limiting the
numberof roundsis aheuristicwhichisdiscussedin theprevioussection.
In eachround,wesendd messagesfrom eachnodeto its neighbors.Thus
in totalwehavend2 messages.Assumingthatd � k � log 	 n 
 , wehavea
totalnumberof n log 	 n 
 2 messages.

In the experimentswe usednetworks of up to 500 nodes,in which
eachnodehad 10-12 randomneighbors(approximatelylog 	 n 
 ). Each
nodehadto choosefrom among10-12partitions.Underall policies,each
nodetries to have asmany neighborsin asmany partitionsaspossible.
To measurethenumberof neighborswhichbreakthereferentialintegrity
conditionwe de�ne theunsatisfied link ratio which is theratio of graph
edgesconnectingtwo nodeswhich have the samepartition to the total
numberof edges.

We have alsousedseveral partitioningdistribution functionsin the
experiments:Balancedpartitioningmeansthatall partitionsshouldhave
the samenumberof nodes;exponentiallyskewed partitionsusean ex-
ponentialdistribution;andlinearpartitioningmeansthatthesizeof each
partitiongrows linearly relative to thepreviouspartition.

4 Conclusionsand futur ework
In this paperwe proposedan algorithmfor solving the extendedparti-
tioning problemin overlay networks. As shown by simulationour al-
gorithm performswell andscalesto large networks.An areafor future
work mightbeto optimizethetransferof nodekeysto thenearestmatch-
ing partition.
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(a) Balanced partitioning into 10 parti-
tions on a network of 500 nodes. Each
partition should have 50 nodes in the op-
timal solution. This figure results for an
average of 10 runs on 10 random graphs
is shown. The average smallest partition
had 48 nodes in the worst case and the
largest partition had 52 nodes. The error
bars show the variance of the partition
size distribution. The average unsatisfied
link ratio is less than 0.2%

1 2 3 4 5 6 7 8 9 10
0

20

40

60

80

100

120

140

Partition number

N
um

be
r 

of
 n

od
es

Partitions for exponentially diminishing distribution

(b) Skewed distribution partitioning into
10 partitions on a network of 500
nodes. This figure shows the results for
an average of 10 runs on 10 differ-
ent random graphs is shown. The in-
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(c) Linearly increasing distribution of 10
partitions for a network of 500 nodes.
This figure shows the results of an aver-
age run on 10 random graphs.
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(d) The quality of a balanced partition-
ing where n=500, k=10, d=10. An unsat-
isfied link means that two nodes sharing
the same edge decided on the same par-
tition. Note that the BP algorithm fluctu-
ates toward the optimal solution.
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