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Abstract

In this paper we discuss the problem of data-oriented parti-
tioning in large-scale overlay networks, as required by peer-to-
peer databases or by peer-to-peer information retrieval. The goal
is to partition a large set of nodes into k partitions with the ad-
ditional requirement of meeting certain load-balancing constraints
without global knowledge of the network’s parameters, i.e., the de-
sired number of partitions and the partition distribution function
are not known in advance and change dynamically as the network
evolves. This key problem in large-scale decentralized systems has
so far received only very limited attention. The novel contributions
described in the following are (1) the definition of a distributed
algorithm for local estimation of the partitioning distribution func-
tion, which does not preclude the network’s topology, and (2) a
distributed method for performing the actual partitioning. As ad-
ditional advantages, the algorithms do not require global knowl-
edge and are completely decentralized, thus suitable for Peer-to-
peer networks. Both algorithms are based on the max-product be-
lief propagation algorithm and give exact results on trees, and suf-
ficiently accurate approximations on graphs containing cycles. We
show the accuracy of the proposed algorithms in terms of the num-
ber of nodes per partition and the good load balancing of partitions
in the network by simulation. Our algorithms are scalable and the
accuracy of the partitioning improves with larger network sizes.
Having shown the efficiency of our proposed algorithms, we dis-
cuss a natural application for our algorithm in the data-oriented
P2P system P-Grid (http://www.p-grid.org/). Using P-Grid’s un-
derlying tree abstraction, we can apply our algorithm recursively
to achieve optimal partitioning results in short times relative to the
tree diameter.

This work was supported (in part) by the European project Evergrow No 001935.



1 Intr oduction

Currentlythe standardvay of indexing in nearlyall overlaynetworksis
to computeuniformly distributedkeys from the datato beindexed,e.g.,
by usingstandardashingWith somesimpleadditionalpartitionassign-
mentandmaintenancalgorithms(joining/leaving of nodes)thisensures
thatthe key spaceis evenly distributedamongthe participatingnodes,
i.e., the storagdoad is balancecamongthe peers.This standardnodel
for overlaynetworksalsoassumethatpeersessentiallyjoin andleavein
asequentialvay andtheresultingmaintenancschemeso repairincon-
sistencie®r re-balancdoad essentiallycorrespondo updatingdatabase
indexing structureswvhich hasbeenstudiedextensiely in theliterature.

Approachesollowingthisbasicstrateyy work ne for scenariosvhere
semantiaelationsamongthedataitemsareirrelevantandonly very sim-
ple querypredicatesi.e.,equality have to be supportedA typical exam-
plefor suchapplicationsvould be a namingservice staticallybindinga
setof attributesto anidenti er. However, in typical data-orientegcenar
ios the standardstrateyy outlinedabove, will no longerwork or become
very inef cient. In data-orientedapplicationsfor example,re-indeing
dueto a changein the datadistribution, or a new data eld to bein-
dexed, or the needto presere key-orderingrelationsimplies that uni-
form hashingcannotbe appliedanymoreasit destrgys theseproperties.
In consequencéhe distribution of keys will be unknavn, mostlikely
be skewed, anda more powerful, explicit partitioningschemesnsuring
load-balancingwill be required.Additionally, the indexing/partitioning
stratgy shouldsupporta high degreeof parallelismto minimizelateng.

Adaptive EagerPartitioning[2] (AEP)is anef cient, completelyde-
centralized parallel, partitioning algorithm which meetstheserequire-
ments.It usesananalyticallyprovenstratayy, veri ed by simulationand
through an implementationin the P-Grid overlay network [1] (http:/
www.p-grid.org/), to estimatethe key distribution basedon local knowl-
edgeandensuresstorageandreplicationload balancingj.e., eachdata
partition containsapproximatelythe samenumberof keys andapproxi-
matelythe samenumberof peers(nodes)areresponsibldor eachparti-
tion. We have usedtheimplementatiorin P-Grid asa proof-of-concept,
but the essentiaklementof AEP areapplicableto all overlaynetworks
using x ed key spacepartitioning schemesfor example, CAN [9] or
Pastry[10].

In this papemwe presentinalternatve stratgyy basednbelief propa-
gationto achievethesamegoal,i.e., to partitionalarge setof nodesinto



k partitions.By applyingthis recursvely we ensurerouting consisteng

andmeetAEP's storageandreplicationload-balancingonstraintsWe

do not assumegglobal knowledgeof the network's parametersi.e., the

desirednumberof partitionsand the partition distribution function are
not known in advanceand changedynamicallyasthe network evolves.
The motivation for this work wasto have anothergenerallyapplicable
stratgy athandandto testandcomparet with AEP.

1.1 Local estimation of the data distrib ution

As the rst stepin the approachwe needto estimatethe distribution of
thedatasetto beindexed.As we assume P2Pervironment,we cannot
assumeglobal knowledgeof all the the data. Thuswe have to estimate
thedistribution asgoodaspossiblebasedon local information. Thefol-
lowing exampleillustratesthis problem:Assumenodesindex dictionary
words,andwe have 26 partitionscorrespondingo the lettersA—Z. We
wouldlik eto estimatenhatis thefractionof nodeseededo storewords
startingwith eachletter. This is highly importantespeciallyfor skewed
distributionswheresomepartitionsrequiremore storagespacerelative
to the others.

Givenasetofn 1 nodeswhereeachnodehassmallsubsebf neigh-
borsandits localstoredkeys. We assuméhateachkey belonggo exactly
onepartitionandeachnodeshouldhave anestimationof the partitioning
distribution function. Formally, we would like eachnodeto calculatea
vectorof sizek, wherek is the numberof differentpartitions,suchthat
p1 pr is thepercentagef keysin partitioni anda* ; p; 1.

1.2 K-Partitioning Problem

GivenasetP of n 1 peerswhich hold keys from a keyspacek, we
would like to partitionthe setinto 1 k setssuchthattheload mea-
suredin numberof datakeysrelatedto the partitionsl kis expressed
in aprobabilitydistribution p1 Pk, Whichistermedpartitioning func-
tion.

The partitionswe would like to achieve shouldhave the following

properties:

1. Proportionakeplication:Eachpeerhasto decidefor onepartition
suchthat (in expectation)a fraction p; of the peersdecidesfor
partition.

2. Referentialntegrity:



1. Thegraphhasto be connectedi.e., eachpeerhassufcient
links to reachany otherpartition(in-)directly.

2. Eachpeerstrivesto maximizethe numberof neighbordrom
differentpartitionsunderits degreeconstraint.

Notethatwithoutthe proportionalreplicationrequirementthe peers
could decidefor a partition basedon the partitionsprobability function,
andin expectationachiere the desiredpartitioning.However, this would
not ensureapproximatelyuniform availability of all the data.Therefer
entialintegrity functionensuresoutingconsisteng andcanbeexploited
to achieve betterload balancingof partitions.

For beingableto evaluatethequality of asolutionfor theabove prob-
lemswe needto de ne somemetrics.As for the estimationproblemwe
might take the meansquareerror of an estimaterelative to the correct
partitioningdistribution function.

In theK-partitioningproblemwe have two metricsthatmightbecon-
tradicting.First, we wantto have anexactnumericpartitioningof nodes
ascloseaspossibleto the partitioningdistribution function.Herewe can
take the meansquareerror aswell. Anothermetricis thelink satisac-
tion ratio, wherewe would like to minimize the numberof neighboring
nodeswhich are partitionedinto a commonpartition. The rst metric
arisesfrom the needto allocatea proportionalnumberof nodeshasedn
thestoragseedsThesecondnetricis importantin termsof loadbalanc-
ing wherewe would lik e to preventunbalanceglacemenbf a partition
in a small neighborhoof nodes.This is badin termsof resilieng to
failures,andnetwork load.

2 Proposedalgorithms

For solvingthetwo problemsof distributedpartitioningfunctionestima-
tion andthe extendedpartitioningproblemwe will usethe max-product
belief propagatioralgorithmwhichwewill brie y outlinein thissection.
Thenwe presenthetechnicaldetailsneededor constructingbothalgo-

rithms.First, we run the distributedestimationalgorithmto equipnodes
with local knowledgeof the partitioningdistribution function andthen

we run the K-partitioning algorithm using the resultof the estimation
algorithmasits input.



2.1 Graphical modelsfor data indexing

An undirectedgraphicalmodelG consistof a setof verticesV andaset
of edgesE connectinghem.Eachvertex v; is associateavith arandom
variablex;. We assumehatthejoint probability distribution factorsinto
a productof termsinvolving nodepairsandsinglenodes.Thesefactors
arecallededgepotentialsy ;; x; x; andlocal (or self) potentialsy ;; x; .
The max-productbelief propagationalgorithm [7] is a distributed
inferencealgorithmthat enablesus to calculatethe marginal probabil-
ities of the nodes,otherwiseknown asthe “beliefs” It is a distributed
message-passirajgorithmandis thereforesuitablefor communication
networks [4, 5, 8]. The Belief Propagation(BPalgorithm gives exact
resultson trees.We have no guarantedor the algorithm performance
on graphswith cycles.As P-Gridis atreeandhasno cyclesthis poses
no problems.The input to the BP algorithmis a graphicalmodelwith
self potentialsy ; x; andedgepotentialsy ;; x; x; . The outputof the
algorithmis the vectorof nodebeliefs (posterioriprobabilities).The al-
gorithmis aniterative distributedmessag@assinglgorithmwheremes-
sagesentbetweemodesaredeterminedy thefollowing updaterule:

t 1 t
mij X; amaxy ; xi xj Yii Xi IT m x 1)
1

Xk Nx,- Xj

wherem;; x; is amessagesentfrom nodex; to nodex;, a is anor-
malizationfactorandN x; isthesetof neighborof nodex;. We initial-
izethemessageatthe rst rounduniformly. Finally eachnodecalculates
thebelief:

bel x; ay i Xxi H mj; X; (2)
xj N x;

Thealgorithmcorvergeswhenthe noderecevesidenticalmessages
from all neighborsfor two consecutie rounds.In networks containing
cyclesthealgorithmmight not corverge.However, in practice thereare
severalapplicationsvherethealgorithmproduceserygoodresultseven
for graphswith cycles,for example,in the caseof Turbocodes.

It is known thatif we usethe max-productlgorithmwe can nd an
optimal X that maximizesthe probability P x , if the topologyhasno
cycles,andwe can nd a stronglocal maximumin casethe graphhas
cycles[11]. In otherwords,our algorithmsolvesthe problemoptimally
on treesand givesa good approximationof a graphcontainingcycles.
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Basedon equationl, we calculatethe self potentialsy ; x; andedge
potentialsy ;; x; x; for agivencostfunction.

2.2 Algorithm for estimation of the partition distrib u-
tion function

Firstwe outlinea simplerversionof thealgorithmfor treetopologiesin
round r 1 eachnodei sendsamessage:; ; x; toeachofits neighbors
Jj by thefollowing rules:

r 1 t
ij N Y omy ox 3

kin Xj

m

wherethe initialization of ml-;) " is doneby assigningthe number
of keys nodei holdsin eachpartition. For example,if nodei has3 keys
which arerelatedto partition 0, the messagavill containthe value3 in
position0 of thevector Finally, we estimatethe partitioningdistribution
function:

bel x; Z mkll. X; (4)
k N x;

Basicallywe have hereanaggreationproceduralongthetree,where
eachnodeaggreyateshe partitionestimatiorfrom all of its neighborson
thesubtreegootedin the node andforwardsit upstreamn thetree.After
diam rounds,wherediam is the tree diametey the algorithmcorverges
andgivesanexactresult.

Sinceoverlay network topologiesmay containcycles,we canapply
the consensupropagatioralgorithm[6] recentlyproposedy Moallemi
andvan Roy to avoid over-countingof the partitionsbecausef cycles.
Thusour approachcanbe generalizedo ary overlay network topology
Dueto spaceconstraintsve omit adescriptiorof this algorithmandrefer
readetrto [6].

2.3 The K-partitioning algorithm

As alreadymentionede usethe max-producBP algorithmfor solving
theK-partitioningproblem.In orderto usethe BP algorithm,we needto
initialize thelocal potentialsandedgepotentialsof the nodes.

For the self potentials,eachnodedraws locally a randompartition i
outof thepartitioningdistributionfunction p1 p2 pr andinitializes
thelocal potentialsvectorto have 1 in cell i ande elsavhere.
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For the edgepotentialswe usethe following matrix:

e k k k
k e %k k

€ j Ey,‘j X Xj k k e k (5)
kK k k e

Eachmatrixy ;; x; x; correspondso theedgee;;. TheK rowsindi-
catethe probabilitiesto choosea partitionfor nodei andthe K columns
indicatethe probabilitiesto choosepartitionsof nodej. Thusthe matrix
yij x; x; istheCartesiarproductof both nodespossiblepartitions.We
build theedgepotentialdy the pairwiseconstraintthattwo neighboring
nodesshouldnot have the samepartition. For that, we assigna negligi-
ble probability (¢) to the maindiagonal. The otherstateshave a uniform
probability.

A relatedwork of aload-balancegraphcoloringusingthe BP algo-
rithm is doneby Saadet. al [3]. The major differencesarein the con-
structionusedIn anutshell,Saadusescentralizeccomputatioronafac-
tor graphwhile we usedistributedcomputatiorover the communication
network. Saads coloringis balancedwvhile we have desiredfraction of
nodesfrom eachcolor. Finally, we usethe local potentialsto re ect the
partitioningfunctionwhile previousworksonthis areainitialize thelocal
potentialsto have a uniform probability.

2.4 Thefull algorithm

Input: A setof nodeswhereeachnodehasknowledgeof a smallsubset
of othernodes Eachnodeknows only his locally storedkeys aswell as
thepartitionto whichthey belong.
Output: A partitioningof thenodesinto K partitionswherethe number
of nodesin eachpartitionis basedon the partitioningdistribution func-
tion. Eachnodehasan estimationof the partitioning distribution func-
tion.
Eachnodefollows thefollowing steps:
1. Estimatethe partition distribution function using the consensus
propagatioralgorithm.
1. Input; Eachnodehasknowledgeof a subsebf othernodes,
andthekeysit currentlystores.

'Each row is normalized to get asum of one. k1 k 1



. Initializem,.j(.) x; tothekey countfrom eachpartition.
. Runt roundsof the aggreyationalgorithm(equation3) .
. Estimatethe partitiondistribution function (equatiord).
. Output:local estimationof the partitioningdistribution func-
tion.
2. RuntheK-partitioningalgorithm.
1. Input: estimationof the partitioningdistribution function.

2. Initialize mi? x; by randomlydrawing a partition from the
partitioningdistribution function.

3. Runthe max productbelief propagatiorfor t rounds(equa-
tions1 andb).

4. Calculatethebelief (equation?).

5. Selectthe maximal entry in the belief vector (the decided
partitionnumber).

Propertiesof the algorithm. Regardingrunningtime, whenrunning
on treetopologies the algorithmcorvergesandgivesan exact resultin
time diam wherediam is the tree diameter On topologiescontaining
cyclesthe algorithmdoesnot always corverge, thuswe have to stopit
afters rounds.As a heuristicwe taket log n wheren is the number
of overlaynodesWeissin [11] shavsthaton a graphwith cycleswe get
astronglocalmaximumin casethe algorithmcornverges,in otherwords
agoodapproximatiorto the optimal.

Whenthe algorithmdoesnot converge,we get an approximatiorto
the optimalsolution.In this casewe areonly ableto shav usingsimula-
tionsthatthealgorithmgivesa goodapproximatiorto theoptimal.

As for the numberof messagesn eachroundeachnodesendames-
sagedo all of its neighborsThuswe have atotal of zdn messagewhere
d is the averagenodedegree.All messageareof sizek wherek is the
numberof partitions.

abhwiN

3 Experimental results

For testing our algorithm, we usedtwo typical topologies:a random
graphanda GT-ITM transitstubtopology Both topologieshave cycles.
In the following we shaw the resultson the randomgraphonly, since
bothtopologiesrenderedsimilar results.

Figuresl(a)—1(d)show resultsof algorithmrunsfor severalpartition-
ing functions.We would lik e to pointoutthatour algorithmsupportsany
desiredpartitioningdistribution function.
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For the partitioning estimationfunction, we assumedn underlying
treetopology andthusreceied an exact estimationof the partitioning
distribution function. This assumptiorcanbe justi ed sincewe usedthe
P-Grid systemas a naturalapplicationthat might usethe partitioning
algorithmsdescribedn this paper In the P-Grid systemwe have anun-
derlyingtreestructurethatcanbe usedfor the estimationprocedureAn
areaof future researchmight be to examinethe algorithm’s correctness
for variousothertopologies.For therestof this sectionwe analyzethe
K-partitioningalgorithmresults.

The BP algorithmgenerallydid not corverge,thuswe choseto limit
the numberof algorithmroundsto d (the node degree).Limiting the
numberof roundss aheuristicwhichis discusseéh theprevioussection.
In eachround,we sendd messagesom eachnodeto its neighborsThus
in total we have nd? messagesAssumingthatd  k log n , wehavea
total numberof nlog n 2 messages.

In the experimentswe usednetworks of up to 500 nodes,in which
eachnodehad 10-12 randomneighbors(approximatelylog n ). Each
nodehadto choosdrom amongl0-12partitions.Underall policies,each
nodetriesto have asmary neighborsn asmary partitionsaspossible.
To measurghe numberof neighborsvhich breakthereferentiaiintegrity
conditionwe de ne the unsatisfied link ratio which is the ratio of graph
edgesconnectingtwo nodeswhich have the samepartition to the total
numberof edges.

We have also usedseveral partitioning distribution functionsin the
experimentsBalancedartitioningmeanghatall partitionsshouldhave
the samenumberof nodes;exponentiallyskewed partitionsusean ex-
ponentialdistribution; andlinearpartitioningmeanshatthesizeof each
partitiongrows linearly relative to the previouspartition.

4 Conclusionsand futur e work

In this paperwe proposedan algorithmfor solving the extendedparti-
tioning problemin overlay networks. As shovn by simulationour al-
gorithm performswell andscalesto large networks. An areafor future
work mightbeto optimizethetransferof nodekeysto thenearesmatch-
ing partition.
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(a) Balanced partitioning into 10 parti-
tions on a network of 500 nodes. Each
partition should have 50 nodes in the op-
timal solution. This figure results for an
average of 10 runs on 10 random graphs
is shown. The average smallest partition
had 48 nodes in the worst case and the
largest partition had 52 nodes. The error
bars show the variance of the partition
size distribution. The average unsatisfied
link ratio is less than 0.2%

Partions for lineary growing distribution
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(b) Skewed distribution partitioning into
10 partitions on a network of 500
nodes. This figure shows the results for
an average of 10 runs on 10 differ-
ent random graphs is shown. The in-
put partitioning distribution function is
121418 1 1024 .

Unsatified links (Error raio)
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(c) Linearly increasing distribution of 10
partitions for a network of 500 nodes.
This figure shows the results of an aver-
age run on 10 random graphs.
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(d) The quality of a balanced partition-
ing where n=500, k=10, d=10. An unsat-
isfied link means that two nodes sharing
the same edge decided on the same par-
tition. Note that the BP algorithm fluctu-
ates toward the optimal solution.
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